After reformulating F (Riemann) gravity theory as a second derivative theory by introducing two auxiliary fields to the bulk action, we derive the surface term as well as the corner term supplemented to the bulk action for a generic non-smooth boundary such that the variational principle is well posed. We also introduce the counter term to make the boundary term invariant under the reparametrization for the null segment. Then as a demonstration of the power of our formalism, not only do we apply our expression for the full action to evaluate the corresponding action growth rate of the Wheeler-DeWitt patch in the Schwarzchild anti-de Sitter black hole for the F (R) gravity and critical gravity, where the corresponding late time behavior recovers the previous one derived by other approaches, but also in the asymptotically Anti-de Sitter black hole for the critical Einsteinian cubic gravity, where the late time growth rate vanishes but still saturates the Lloyd bound.
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I. INTRODUCTION
Generically, in order to make the variational principle well posed for gravity theories, one is required to add the surface term to the bulk action. In this way, the GibbonsHawking-York (GHY) surface term is introduced for the case of Einstein gravity, but is applicable only to a nonnull boundary [1] [2] [3] . For a null boundary, the surface term has also been investigated recently [4] [5] [6] [7] [8] . Moreover, if the boundary is non-smooth, i.e., the boundary contains some corners intersected by the segments, the additional corner term has to be added to the action [9, 10] . On the other hand, although the non-null surface terms have been developed for other gravitational theories, such as F (R) gravity [11, 12] , Gauss-Bonnet gravity [13, 14] , Lanczos-Lovelock theory [15] [16] [17] [18] , and other higher derivative theories [19] [20] [21] , the corresponding null surface term has not been fully explored.
However, for a generic higher order gravitational theory as usually formulated, due to higher-derivative terms, it is hard to find an appropriate surface term to make the variational principle well posed [22] . But at least for F (Riemann) gravity, this problem can be circumvented by introducing two auxiliary fields, because this allows us to recast the action as a second order gravitational theory, which is on-shell equivalent to the original action [23] . Furthermore, if the auxiliary fields on the boundary can be shown by the Hamiltonian analysis to be independent of the extrinsic curvature 1 , then for a smooth non-null boundary a generalized GHY term can be found to establish the well posed variational principle. In this paper, we shall focus exclusively on this situation and formulate the well posed variational principle for more general circum- * jiejiang@mail.bnu.edu.cn † hzhang@vub.ac.be 1 It is noteworthy that Lanczos-Lovelock theory does not satisfy this requirement and will not be treated in this paper. Readers are referred to [18, 24] for this theory.
stances, where the boundary is not necessarily required to be non-null or smooth. Another motivation to evaluate the full action with a non-smooth boundary including null segments comes from the "complexity equals action" (CA) conjecture [25, 26] . This conjecture states that the complexity of a particular state |ψ(t L , t R ) on the boundary is given by
where I is the on-shell action in the corresponding Wheeler-DeWitt (WDW) patch, enclosed by the past and future light sheets sent into the bulk spacetime from the boundary time slices t L and t R . As an application of our formulation of the full action for F (Riemann) gravity, we shall evaluate the action growth rate of the WDW patch in the Schwarzschild anti-de Sitter (SAdS) black hole for both the F (R) gravity and critical gravity. This thus makes up the deficiency of the approaches developed in [25, 26] , which can only give rise to the late time behavior of the action growth rate [27, 28] . To further demonstrate the power of our formalism, we also evaluate the action growth rate of the WDW patch in the asymptotically AdS black hole for the critical Einsteinian cubic gravity. The resulting late time growth rate still saturates the Lloyd bound although vanishes. This paper is structured as follows. In Sec.II, we follow the strategy developed in [23] to introduce the two auxiliary fields to reformulate the original action and evaluate its variation. After this, we derive the required boundary term to make the variational principle well posed for both non-null segments and null segments of a nonsmooth boundary in Sec.III and Sec.IV, respectively. As an application of the resulting full action, Section V devotes an explicit calculation of the action growth rate for the WDW patch in the SAdS black hole for both F (R) gravity and critical gravity, as well as in the asymptotically AdS black hole for the critical Einsteinian cubic gravity. We conclude our paper in Sec. VI.
II. REFORMULATION OF F (RIEMANN)
GRAVITY THEORY
The conventional bulk action for F (Riemann) gravity is given by
with F an arbitrary function of R abcd and g ab . Its variation can be obtained as
Here dΣ a is the outward-directed surface element on ∂M, andδ
with
. In addition, the symbolδ indicates an infinitesimal quantity which can not be written as the variation of any quantity. Obviously, E ab = 0 is simply the equation of motion. But in order to give rise to a well posed variational principle, we must supplement a boundary term I bdry such that
with q N the intrinsic geometric quantity as well as its derivatives to the boundary. If the boundary is smooth, the boundary term involves only the surface term I surf . On the other hand, if the boundary is non-smooth, not only does the boundary term include the surface term, but also the corner term I corner .
However, it is generically difficult to find the corresponding boundary term, if any, for the bulk action (2) . Gratefully this problem can be circumvented by introducing two auxiliary fields ψ abcd and φ abcd , which allows us to recast the original bulk action (2) into the following form [23] 
where we demand these two auxiliary fields have the same symmetries as R abcd . The variation of this new action can be expressed as
With the equations of motion E abcd ψ = 0 and E abcd φ = 0 satisfied, this new action is equivalent to the original one. In particular, the corresponding boundary term is identified by the Hamiltonian analysis in [23] for the smooth non-null boundary.
In what follows, we shall derive the boundary term for a more general boundary by requiring this new action have a well posed variational principle.
III. NON-NULL SEGMENTS

A. Variation of geometric quantities
We first present the variation of geometric quantities associated with the segment of the boundary, which is either spacelike or timelike. To achieve this, we choose the gauge in which the segment under consideration is fixed when we perform the variation. With this in mind, we have the variation of the outward-directed normal vector
with δa = − ε 2 δg ab n a n b , where ε = n a n a . Whence we further have
withδA a = −εh a b δg bc n c , where the induced metric is given by
which is tangent to the segment. The variation of the metric can be further expressed as
whereby it is not hard to show
with K ab = h ac h bd ∇ c n d the extrinsic curvature. Finally, for the later calculations, we would like to present two expressions for the variation of the extrinsic curvature. The first one is given by
and the second one is given by
where we have used δh
and D a as the covariant derivative operator of the induced metric.
B. Surface term on the boundary
As to the spacelike/timelike segment of the boundary, the boundary term in the variation of the bulk action (13) can be written as
The first term in (17) can be further evaluated as
where we have used the symmetries of the auxiliary field ψ abcd and the definition
Substituting (15) and (16) into the first two terms in (18), we end up with
where the property Ψ ab = Ψ ba has been used. For the third term in (18), we have
where (14) as well as δg cb = −g ca g bd δg ab has been used in the second step. Then (18) reduces to 2n c ψ a bcd δΓ
On the other hand, the second term in (17) can be expressed as
Plugging (22) and (23) into (17), we have
Now by requiring both δh ab and δΨ ab vanish on the boundary, we have
If the boundary is smooth, ∂Σ = ∂ 2 M = 0 implies that the second term vanishes. Accordingly, the bulk action can be supplemented with the surface term
to make the variational principle well posed. However, if the boundary is non-smooth, the second term does not vanish. In this case, to have a well posed variational principle, we need add the additional corner term such that
where the subscripts s, s denote the segments of the boundary and C ss = ∂Σ s ∩ ∂Σ s denotes the joint intersected by the segments Σ s and Σ s . For simplicity, we would like to define the corner term I C ss contributed by the joint C ss , which satisfies
Next, we shall separately derive the explicit expression of the corner term for all kinds of joints intersected by the segments of the boundary.
C. Corner term on the boundary
Timelike joint
As depicted in Fig.1 , we first consider the timelike joint C intersected by two timelike segments of the boundary B 1 and B 2 , i.e., C = B 1 ∩ B 2 . Note that the condition δh ab s = 0, we have
at the joint C. In addition, for each normal vector n sa at the joint C, there exists another normal vector r sa to the joint, which points outwards from B s and satisfies r s · n s = 0. {n for some rotation parameter θ. Substitute (30) into (29) and make a decompositionδA 
which gives rise to 
On the other hand, from the transformation (30), we can obtain
the variation of which yields
Whence we haveδ
With the above preparation, the variation of the corner term can be written as The spacelike joint is intersected by a spacelike segment B1 and a timelike segment B2.
2n [sa r sb] , which does not depend on the choice of pairs, namely keeps invariant under the above Lorentz transformation.
The requirements δΨ ab = 0 and δr a s = 0 lead to δΨ = 0. Accordingly, the corner term can be derived as the Wald entropy density multiplied by the rotation parameter, i.e.,
which vanishes when θ = 0 as it is expected to be the case.
Spacelike joint
As shown in Fig.2 , now we consider a typical type of spacelike joint C intersected by a spacelike segment B 1 and a timelike segment B 2 . In this case, the two pairs of the normal vector {n with η the boost parameter. Substituting this transformation into the following equality
at the joint C, one can show 
Furthermore, by virtue of the variation of sinh η = n 1 ·n 2 , one can obtainδ
Accordingly, the variation of the corresponding corner term can be expressed as
where
where we have required the corner term satisfy the additivity rule, which will be documented in detail later on.
For the later convenience, we would like to re-express the boost parameter η. To this end, as shown in Fig.2 , we define l a to be a null vector as
Substitute the transformation (39) into it, then we have
which leads to a new expression for the boost parameter as
By the same token, in terms of another null vector
the boost parameter can also be written as
Other joints
The additivity rule is supposed to be valid not only for the bulk term and surface term, but also for the corner term. With this in mind, one can derive the corner term for any other spacelike joint from the previous one. For instance, regarding the case (a) in Fig.3 , the corresponding corner term can be obtained as a sum of two corner terms as
where we have introduced an auxiliary segment B. Note that it follows from (48) that
Thus we have
Similarly, for the case (b), (c), and (d), the corner term can be readily expressed as minus the Wald entropy density multiplied by the boost parameter with
IV. NULL SEGMENTS
A. Variation of geometric quantities
We now consider the null segment of the boundary N , which is foliated by an outward-directed null geodesic k a = ( ∂ ∂λ ) a of a cross section S. We further introduce a null vector field l a on N , which is normal to S and satisfies k a l a = −1. With this, the metric can be decomposed as
where σ ab is tangent to S. In what follows, we shall work with the gauge in which the location of such a null segment as well as its foliation structure keeps unchanged under the variation, i.e.,
which implies
where δα = δg ab k a l b andδβ = 1 2 δg ab l a l b . Furthermore, by l a l a = 0 and k a l a = −1, one can obtain
withδl a tangent to S. Whence the variation of the metric is given by
The geodesic equation reads
where κ measures the failure of λ to be an affine parameter. Whence we have the following two expressions for the variation of κ as
which give rise to 
B. Surface term on the boundary
For the null segment N , the boundary term in the variation of the bulk action can be expressed as
By insertion of (58), we have
ab cd with the binormal given by ab = (k ∧ l) ab . Substituting (66) and (62) into the above expression and make a straightforward but tedious calculation, one can obtain
where we have already used the condition δσ ab = 0 with D a the covariant derivative operator on S. Below we shall focus on the case in which ∂S = 0. Then the last term in (69) vanishes, which leads to
where we have used δΨ = 0. Thus the surface term from the null segment N is given by
On the other hand, if the joint on the boundary is intersected by one null and another non-null segment, the variation of the corner term can be obviously expressed as
Joint by a null and a spacelike segment
As illustrated in Fig.4 , we first consider the joint which is intersected by a spacelike segment B and a null segment N . In this case, there exists a transformation at the joint C, from the pair of normals {n a , r a } to the double nulls
with χ a scaling factor. Substituting the inverse of this transformation into the following variational identity
at the joint with h ab and σ ab fixed, we can obtain
which givesδ
Furthermore, by virtue of the variation of e χ = −n a k a , one can obtain
With the above preparation, the variation of the corner term can be written as
which gives the corner term as
Joint intersected by double null segments
With the corner term obtained before, one can readily derive the corner term for any other type of joint by the additivity rule. As a demonstration and for the later calculations as well, we would like to derive the corner term for the joint intersected by double null segments. As illustrated in the left panel of Fig.5 , we first add an auxiliary spacelike segment B, which divides the corner into two parts. Then by the additivity rule, we have
Whence one can readily write down the corner term for the four joints in the right panel of Fig.5 as
D. Counter term on the boundary
Note that the surface term as well as the corner term from the null segment depends on the parametrization of the null generator. In order to eliminate this ambiguity, we can introduce a counter term
is the expansion scalar of the null generator with l ct an arbitrary length scale. To show this, let us consider the reparametrization dλ dλ = e −β , which gives
As a result, we havē
andĪ which implies
is invariant under the above reparametrization.
V. APPLICATION: CASE STUDIES FOR ACTION GROWTH RATE A. Case 1: SAdS spacetime
We shall apply our above result to calculate the action growth rate of the WDW patch in the SAdS spacetime for F (R) gravity and critical gravity, respectively. The SAdS metric is obtained originally as a solution to Einstein equation with a negative cosmological constant, i.e.,
with L the AdS curvature radius. Its (d + 2)-dimensional expression is given by
is the blackening factor, and k = {+1, 0, −1} denotes the d-dimensional spherical, planar, and hyperbolic geometry, individually. The horizon r = r h lies in the location where f (r h ) = 0.
As illustrated in the Penrose diagram of the SAdS spacetime Fig.6 , I(t L , t R ), denoted as the action for the WDW patch determined by the time slices on the left and right AdS boundaries, is invariant under the time translation, i.e., I(t L +δt, t R −δt) = I(t L , t R ). Thus the action growth can be computed as δI = I(t 0 + δt, t 1 ) − I(t 0 , t 1 ), where the time on the right boundary has been fixed. To regulate the divergence near the AdS boundary, a cut-off surface r = r max is introduced. In addition, we also introduce a spacelike surface r = r min to avoid running into the spacelike singularity inside of the SAdS black hole. As such, we shall focus on the situation in which the boundary consists solely of null and spacelike segments only with spacelike joints. In addition, for simplicity we shall adopt the affine parameter for the null generator of null segments such that the surface term vanishes for null segments. With this in mind, we have
Here M 1 is bounded by u = t 0 , u = t 0 + δt,v = t 0 + δt, and r = r min . M 2 is bounded by u = t 0 , v = t 0 , v = v 0 + δt, and u = t 1 . The null coordinates are defined as u = t + r * (r) and v = t − r * (r) with r * (r) = dr f .
F (R) gravity
For a general F (R) gravity, the equation of motion reads
and the auxiliary field as well as its decedents can be expressed as
Whence the full on-shell action can be simplified as
In what follows, we shall consider the special case, in which there exists an R 0 such that
Wheeler-DeWitt patches of a Schwarzschild-AdS black hole.
where the prime denotes the derivative with respect to R. As such, (88) with
satisfies the above equation of motion. Accordingly, the SAdS metric can be regarded as its solution.
With the above preparation, now let us use (90) to calculate the action growth rate in our F (R) gravity. So we only need to keep the first order of δt below for each term in (90). First, with the (u, r) coordinates, we have
where r = ρ(u) is the solution to the equation v(u, r) = t 0 +δt and r min has been set to zero in the end. Similarly, with the (v, r) coordinates, we have
where r = ρ 0 (v) is the solution to the equation u(v, r) = t 0 and r = ρ 1 (v) is the solution to the equation u(v, r) = t 1 with r 1 the r coordinate of C 1 . Thus the difference between I M1 and I M2
For the surface term, we have
where we have used the expression K = − In order to write down the explicit expression for the difference between the two corner terms from C 1 and C 2 , we shall choose k 1a = ∇ a u and
in the late time limit with r 1 → r h . It is noteworthy that this late time behavior is also obtained by different approaches in [27] [28] [29] .
with λ the coupling constant. In terms of the auxiliary field 
the equation of motion can be expressed as
As shown in [32] , when the parameters satisfies the following critical relation
the above equation of motion admits a static asymptotically AdS black hole solution, whose line element can be written as
with the blackening factor
Then following the exact same procedure, one can obtain
By using (26) , one can further find that the surface term of Σ vanishes. In addition, the straightforward calculation gives rise to the following corner term
At last, the counter term contribution of the null segments can be obtained as
where we have usedΘ = − 
In the late time limit, the action growth rate apparently vanishes. However, this late time behavior still saturates the Lloyd bound because the mass of this black hole also vanishes [32] .
VI. CONCLUSION
We have presented a complete discussion of the variational problem for F (Riemann) gravity with a nonsmooth boundary. In order to give rise to a well posed variational principle, we must supplement the surface term and corner term to the bulk action. Following the method developed in [7] , we obtain a general formula for the boundary term, where the corner term can be obtained by integrating the Wald entropy density weighted by a transformation parameter between the two intersected segments. When the involved segment is null, we are also required to add a counter term to make the full boundary term invariant under the reparametrization.
Then motivated by the CA conjecture, we apply the resulting full action to evaluate the full time action growth rate of the WDW patch in the SAdS spacetime for the F (R) gravity and critical gravity, as well as in an asympotically AdS black hole for the critical Einsteinian cubic gravity. For the F (R) and critical gravity, the late time action growth rate shares exactly the same behavior as those obtained by other approaches. For the critical Einsteinian cubic gravity, we find that the late time action growth rate vanishes but still saturates the Lloyd bound.
